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Abstract 

Conditions for the P-intersection and P-intersection of falsity-external 
(resp. indeterminacy-external and truth-external) neutrosophic cubic 
sets to be an falsity-external (resp. indeterminacy-external and truth- 
external) neutrosophic cubic set are provided. Conditions for the P- 
union and the P-intersection of two truth-external (resp. indeterminacy- 
external and falsity-external) neutrosophic cubic sets to be a truth- 
internal (resp. indeterminacy-internal and falsity-internal) neutrosophic 
cubic set are discussed. 



1 Introduction 

The concept of neutrosophic set (NS) developed by Smarandache ([3, 4]) 
is a more general platform which extends the concepts of the classic set 
and fuzzy set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy 
set. Neutrosophic set theory is applied to various part (refer to the site 
http://fs.gallup.unm.edu/neutrosophy.htm). Jun et al. [2] extended the con- 
cept of cubic sets to the neutrosophic sets. They introduced the notions 
of truth-internal (indeterminacy-internal, falsity-internal) neutrosophic cubic 
sets and truth-external (indeterminacy-external, falsity-external) neutrosophic 
cubic sets, and investigate related properties. Generally, the P-intersection 
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of falsity-external (resp. indeterminacy-external and truth-external) neutro- 
sophic cubic sets may not be a falsity-external (resp. indeterminacy-external 
and truth-external) neutrosophic cubic set (see [2]). 

As a continuation of the paper [2] , we provide a condition for the P-inter- 
section of falsity-external (resp. indeterminacy-external and truth-external) 
neutrosophic cubic sets to be a falsity-external (resp. indeterminacy-external 
and truth-external) neutrosophic cubic set. We provide examples to show 
that the P-union of falsity-external (resp. indeterminacy-external and truth- 
external) neutrosophic cubic sets may not be a falsity-external (resp. indeter- 
minacy-external and truth-external) neutrosophic cubic set. We consider a 
condition for the P-union of truth-external (resp. indeterminacy-external 
and falsity-external) neutrosophic cubic sets to be a truth-external (resp. 
indeterminacy-external and falsity-external) neutrosophic cubic set. We also 
give a condition for the P-intersection of two neutrosophic cubic sets to be both 
a truth-internal (resp. indeterminacy-internal and falsity-internal) neutro- 
sophic cubic set and a truth-external (resp. indeterminacy-external and falsity- 
external) neutrosophic cubic set. Generally, the P-union of two truth-external 
(resp. indeterminacy-external and falsity-external) neutrosophic cubic sets 
may not be a truth-internal (resp. indeterminacy-internal and falsity-internal) 
neutrosophic cubic set. We provide conditions for the P-union and the P- 
intersection of two truth-external (resp. indeterminacy-external and falsity- 
external) neutrosophic cubic sets to be a truth-internal (resp. indeterminacy- 
internal and falsity-internal) neutrosophic cubic set. 



2 Preliminaries 

Jun et al. [1] have defined the cubic set as follows: 

Let A be a non-empty set. A cubic set in X is a structure of the form: 

C = {(x, A(x), A(x)) | x £ X} 

where A is an interval- valued fuzzy set in X and A is a fuzzy set in X. 

Let X be a non-empty set. A neutrosophic set (NS) in X (see [3]) is a 
structure of the form: 

A := {(x; Xt(x), A/(x), Xp(x)) \ x £ A} 

where At : X — > [0, 1] is a truth membership function, A/ : A — > [0, 1] is an 
indeterminate membership function, and At : A' — > [0, 1] is a false membership 
function. 
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Let X be a non-empty set. An interval neutrosophic set (INS) in A' (see 
[5] ) is a structure of the form: 

A := {(a;; A T {x),A I {x),A F {x)) \ x £ X} 

where At, Aj and Ap are interval-valued fuzzy sets in X , which are called 
an interval truth membership function, an interval indeterminacy membership 
function and an interval falsity membership function, respectively. 

Jun et al. [2] considered the notion of neutrosophic cubic sets as an exten- 
sion of cubic sets. 

Let A be a non-empty set. A neutrosophic cubic set (NCS) in A is a 
pair si = (A, A) where A := {(x; At(x), Aj(x), Ap(x)) \ x £ A} is an inter- 
val neutrosophic set in A and A := {(x; \t{x), A/(x), A f (x)) | x £ A} is a 
neutrosophic set in A. 

Definition 2.1 ([2]). Let A be a non-empty set. A neutrosophic cubic set 
si = (A, A) in A is said to be 

• truth-internal (briefly, T-internal) if the following inequality is valid 

(Vx £ A) (A^(x) < A t(x) < Aj,(x )) , (2-1) 

• indeterminacy-internal (briefly, I-internal) if the following inequality is 
valid 



(Vx £ A) (Aj(x) < A/(x) < A+(x)) , (2.2) 

• falsity-internal (briefly, F-internal) if the following inequality is valid 

(Vx £ A) (Ap(x) < A f (x) < A+(x)) . (2.3) 

Definition 2.2 ([2]). Let A be a non-empty set. A neutrosophic cubic set 
si = (A, A) in X is said to be 

• truth-external (briefly, T-external) if the following inequality is valid 

(Vx £ A) (A r (x) i (A-(x), A+(x))) , (2.4) 

• indeterminacy-external (briefly, I-external) if the following inequality is 
valid 

(Vx £ A) (A/(x) ^ (AJ (x),Af (x))) , (2.5) 

• falsity-external (briefly, F-external) if the following inequality is valid 

(Vx £ A) (A f (x) ^ (Ap(x), Aj(x))) . (2.6) 



P-UNION AND P-INTERSECTION OF NEUTROSOPHIC CUBIC SETS 



3 



3 P-union and P-intersection of neutrosophic cubic sets 

Note that P-intersection of F-external (resp. I-external and T-external) neu- 
trosophic cubic sets may not be an F-external (resp. Fexternal and T-external) 
neutrosophic cubic set (see [2]). We provide a condition for the P-intersection 
of F-external (resp. I-external and T-external) neutrosophic cubic sets to be 
an F-external (resp. I-external and T-external) neutrosophic cubic set. 

Theorem 3.1. Let srf = (A, A) and 2§ = (B.’F) be T-external neutrosophic 
cubic sets in X such that 

max {min{Ay (a:), Bf (a;)}, min{Ay (a;), B^(x)}} < (At A i/jt)(x) 

< min {ma x{A^.(x), Bif(x)}, max{Ap(x), (x)}} 

for all x £ X. Then the P-intersection srf Op 2$ = (AnB,AA'F) is a T- 
external neutrosophic cubic set in X. 

Proof. For any x £ X, let 

a x := min {max{A^(x), Bf (x)}, max{A^(x), -Bji(x)}} 

and 

b x := max {min{Aj (x), Bf (x)}, min{A^ (x), B^ (x)}} . 

Then a x = A^(x), a x = Bif(x), a x = A^(x), or a x = Bj.(x). It is possible to 
consider the cases a x = Af(x) and a x = Aj(x) only because the remaining 
cases are similar to these cases. If a x = Af(x), then 

Bif(x) < B£(x) < Af(x) < Aj(x). 

Thus b x = B+(x), and so 

Bif(x) = (At n Bt)~ (x) < (At D Bt) + (x) 

= B^(x) = b x < (A t A i/jt)(x). 

Hence (At A i/’t)(x) ^ ((At D Bt)~(x), (At D Bt) + (x)). If a x = A£(x), then 
Bif(x) < A+(x) < B+ (x) and thus b x = max{A T (x),B T (x)}. Suppose that 
b x = Af(x). Then 

Bf(x) < Af(x) < (At A iI>t)(x) < A(f(x) < B^(x). (3-2) 

It follows that 



B T (x) < A t (x) < (At A %1>t)(x) < A(f(x) < B^(x) 



(3.3) 
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or 

Bf(x) < Aif(x) < (A t A i/jt)(x) = Aff(x) < B^(x). (3-4) 

The case (3.3) induces a contradiction. The case (3.4) implies that 
(At A 4>t)(x) ^ ((At n B t )~(x), (A t 0 B T ) + (x)) 
since (At A i/jt)(x) = A(f(x) = (At D Bt) + (x). Now, if b x = Bf(x), then 

Af(x) < Bif(x) < (At A i{)t)(x) < A(f(x) < B^(x). (3-5) 

Hence we have 

Af(x) < Bif(x) < (At A iI>t)(x) < A^.(x) < B^(x) (3-6) 

or 

Af(x) < Bif(x) < (At A i{)t)(x) = A(f(x) < B^(x). (3-7) 

The case (3.6) induces a contradiction. The case (3.7) induces 

(At A i(>t)(x) £ ((At D B t )~(x), (At D B t ) + (x )) . 

Therefore the P-intersection si (~l p S3 = (A D B, A A tt) is a T-external neu- 
trosophic cubic set in X. Q 

Similarly, we have the following theorems. 

Theorem 3.2. Let si = (A, A) and S3 = (B,\P) be I-external neutrosophic 
cubic sets in X such that 

max {min{Aj"(x), Bf(x)}, min{Aj(x), Bf(x)}} < (XjAifj)(x) 

< min {max{A)“(x),.B]”(a:)},max{A) : (x),B/(x)}} 

for all x £ X. Then the P-intersection si flp S3 = (AflB,AAf) is an 
I-external neutrosophic cubic set in X . 

Theorem 3.3. Let si = (A, A) and S3 = (B,T) be F-external neutrosophic 
cubic sets in X such that 

max{min{A^(x),B^(x)},min{A^(x),Bj;(x)}} < (Ap A ij} F )(x) 

< min {ma x{A~^(x), B~f(x)}, ma x{Af,(x) , Bp(x)}} 

for all x £ X. Then the P-intersection si Op S3 = (AflB,AAf) is an 
F-external neutrosophic cubic set in X. 



P-UNION AND P-INTERSECTION OF NEUTROSOPHIC CUBIC SETS 



5 



Corollary 3.4. Let srf = (A, A) and 38 = (B.T) be external neutrosophic 
cubic sets in X. Then the P-inter section of sd = (A, A) and 38 = (B,'F) is 
an external neutrosophic cubic set in X when the conditions (3.1), (3.8) and 
(3.9) are valid. 

The following example shows that the P-union of F-external (resp. I- 
external and T-external) neutrosophic cubic sets may not be an F-external 
(resp. I-external and T-external) neutrosophic cubic set. 

Example 3.5. (1) Let s/ = (A, A) and 38 = (B, T) be neutrosophic cubic sets 
in X = [0, 1] with the tabular representations in Tables 1 and 2, respectively. 



Table 1: Tabular representation of = (A, A) 



X 


A(s) 


A(x) 


0 < X < 0.5 
0.5 < x < 1 


([0.25, 0.26], [0.2, 0.3], [0.15, 0.25]) 
([0.5, 0.7], [0.5, 0.6], [0.6, 0.7]) 


(0.25, 0.15, 0.5a; + 0.5) 
(0.55,0.75,0.30) 




Table 2: Tabular representation of 38 


= (B,T) 


X 


B(a) 


T(a;) 


0 < x < 0.5 
0.5 < x < 1 


([0.25,0.26], [0.2, 0.3], [0.8, 0.9]) 
([0.5, 0.7], [0.5, 0.6], [0.1, 0.2]) 


(0.25,0.15,0.40) 
(0.55, 0.75, x) 


Then sf — (A, A) and 38 = (B, ’P) are F-external neutrosophic cubic sets in 
X = [0,1], and the P-union Up 38 = (AUBjAVT) of = (A, A) and 
38 = (B, T) is given by Table 3. 


Table 3: Tabular representation of sf Up 38 - 


= (AuB,Avf) 


X 


(AuB)(i) 


(Av$)(i) 


0 < x < 0.5 
0.5 < x < 1 


([0.25, 0.26], [0.2, 0.3], [0.8, 0.9]) 
([0.5, 0.7], [0.5, 0.6], [0.6, 0.7]) 


(0.25, 0.15, 0.5a; + 0.5) 
(0.55, 0.75, x) 
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Then 



{X F V V'f)(0.67) = 0.67 G (0.6, 0.7) 

= ((A f U B f )~{ 0.67), (A f U B f )+{ 0.67)) , 

and so the P-union s/ Up 3§ = (AUB,AV'E') is not an F-external neutro- 
sophic cubic set in X = [0, 1]. 

(2) Let si = (A, A) and 3§ = (B,T) be neutrosophic cubic sets in X = 
[0, 1] with the tabular representations in Tables 4 and 5, respectively. 



Table 4: Tabular representation of si = (A, A) 



X 


A(a?) 


A(x) 


0 < X < 0.3 


([0.3, 0.6], [0.3, 0.5], [0.6,1]) 


(x + 0.6, 0.15, \x + \) 


0.3 < x < 1 


([0.4, 0.9], [0.5, 0.6], [0.6, 0.7]) 


(-fa; + 0.4, 0.75, 0.30) 



Table 5: Tabular representation of 38 = 


(B,T) 


X B(x) 


T(a;) 


0 < x < 0.3 ([0.4, 0.8], [0.2, 0.3], [0.8, 0.9]) 


{^x + 0.8,0.15,0.40) 


0.3 < x < 1 ([0.3, 0.5], [0.5, 0.6], [0.1, 0.2]) 


(|x + 0.5, 0.75, x) 



Then si = (A, A) and 2$ = (B, 4') are T-external neutrosophic cubic sets in 
X = [0, 1]. Note that 



{A t U B t ) (x) = 
(A t V ip T )(x) = j 



f [0.4, 0.8] if 0 < x < 0.3, 
\ [0.4, 0.9] if 0.3 < x < 1, 

\x + 0.8 if 0 < x < 0.3, 
^x + 0.5 if 0.3 < x < 1, 



and so the P-union = (AUB,AV4')is not a T-external neutrosophic 

cubic set in X = [0,1] since 



(At V i/’t)(0.6) = 0.7 G (0.4, 0.9) = ({A T U B T )”(0.6), (A T U J5 T ) + (0.6)) . 



(3) Let si = (A, A) and 3$ = (B,4t) be neutrosophic cubic sets in X = 
[0, 1] with the tabular representations in Tables 6 and 7, respectively. 
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Table 6: Tabular representation of s8 = (A, A) 



X A (a;) A(x) 

0 < £ < 0.5 ([0.3, 0.6], [0.2, 0.7], [0.6, 1.0]) (0.4, \x + 0.7, \x + \) 

0.5 < x <1 ([0.4, 0.9], [0.3, 1.0], [0.6, 0.7]) (0.3 , -±x + 0.3, 0.30) 



Table 7: Tabular representation of 8% = (B, T) 



X 


B(x) 


'F(x) 


0 < x < 0.5 


([0.4, 0.8], [0.3, 0.8], [0.8, 0.9]) 


(0.3, -|x + 0.3,0.40) 


0.5 < x < 1 


([0.3, 0.5], [0.5, 0.9], [0.1, 0.2] ) 


(0.5,-Aj; + l.o, x) 



It is routine to verify that = (A, A) and 83 = (B, T) are I-external neutro- 
sophic cubic sets in X = [0,1], but their P-union is not an I-external neutro- 
sophic cubic sets in X = [0, 1] since 

(A/ V fyj)(0.7) = 0.93 e (0.5, 1.0) = ((A/ U B/fy(0.7), (A/ U B f ) + (0.7)) . 

We consider a condition for the P-union of T-external (resp. I-external 
and F-external) neutrosophic cubic sets to be a T-external (resp. I-external 
and F-external) neutrosophic cubic set. 

Theorem 3.6. Let = (A, A) and 83 = (B,'F) be F-external neutrosophic 
cubic sets in X such that 

max{min{A+(x),B“(a;)},min{A“(a;),B+(a:)}} < (X F V tp F )(x) 

, ^O. JLU ) 

< min [max{Ap(x), Bp(x)}, max{A)fyx), £fy(x)}j 

for all x £ X . Then the P-union Up 8$ = (A U B, A V T) is an F-external 
neutrosophic cubic set in X. 

Proof. For any x £ X, let 

a x := min{max{A^(a:),B^(a;)},max{A^(a;),I3^(a;)}} 



and 



b x := max {min{A)t;(x), B F (®)}, min{A F (x), -B F (x)}} . 
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Then a x = Ap(x ), a x = Bp(x ), a x = Ap(x), or a x = Bp(x). It is possible to 
consider the cases a x = Ap( x) and a x = Ap(x) only because the remaining 
cases are similar to these cases. If a x = Ap(x), then 

Bp(x) < B^(x) < Ap(x) < A^(x), 

and so b x = Bp(x). Thus 

(• A f U B f )~( x) = Aj,(x) = a x > (Af V ip F ){x), 

and hence ( X F V ip F )(x) ^ ((A F U B f )~(x), (A f U B f ) + (x)). If a x = Ap(x), 
then Bp(x) < Ap(x) < Bp(x) and thus b x = max{A^(ai), Bp(x)}. Suppose 
that b x = Ap(x). Then 

Bp(x) < Ap(x) < (X F V 4> f ){x) < A£( x) < B%(x), (3.11) 



and so 



B F (x) < A f (x) < (Af V ip F )(x) < A^(x) < Bj,(x) (3.12) 



or 

B~(x) < A~(x) = (Af V ip F )(x) < A+(x) < B+(x). (3.13) 

The case (3.12) induces a contradiction. The case (3.13) implies that 
(Af V ip F )(x) £ (( A f U B f )~(x), ( A F U B F ) + (x)) 
since (Af V i/i f)(% ) = Ap(x) = ( Ap U B F )~( x). Now, if b x = Bp(x), then 

Ap(x) < Bp (x) < (Af V ip F )(x) < A^(x) < Bj,(x). (3.14) 

Hence we have 

Ap(x) < Bp (x) < (Af V i> F )(x) < A^(x) < B~^(x) (3.15) 

or 

Ap(x) < Bp{x) = (Af V ip F )(x) < A^(x) < Bj,(x). (3.16) 

The case (3.15) induces a contradiction. The case (3.16) induces 
(Af V il> F )(x) (( A F U B f )~(x), (A F U B F ) + (x)) . 



Therefore the P-union &/U p£8 = (A U B, A V 4') is an F-external neutrosophic 
cubic set in X. □ 
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Similarly, we have the following theorems. 

Theorem 3.7. Let = (A, A) and 88 = (B,*]/) be T-external neutrosophic 
cubic sets in X such that 

max {min{Ay (x), Bf (x)}, min{A^ (a;), Bp (a:)}} < (A t V 
< min |max{yly(x), Bf (x)}, max{A^ (x), Bp (x)}} 



for all x € X . Then the P-union s8 Up 88 = (A UB,AVf) is a T-external 
neutrosophic cubic set in X . 

Theorem 3.8. Let = (A, A) and 88 — (B,'P) be I-external neutrosophic 
cubic sets in X such that 

max {min{ A+ (a;) , Bj (x) } , min{ (a;) , Bf (x) } } < (A/ V tpi){x) 

< min {max{Aj (x), Bj(x)}, ma x{Aj (x) , B+ (x)}} 



for all x £ X . Then the P-union Up 8$ = (A UB,AVf) is an I-extemal 
neutrosophic cubic set in X. 



We give a condition for the P-intersection of two neutrosophic cubic sets 
to be both a T-internal (resp. I-internal and F-internal) neutrosophic cubic 
set and a T-external (resp. I-external and F-external) neutrosophic cubic set. 

Theorem 3.9. If neutrosophic cubic sets = (A, A) and 88 = (B.'I/) X 
satisfy the following condition 

min{max{A+(x),.B“(x)},max{A“(x),.B^(x)}} = (Ap A 4> F ){x) 

= max {min{A^(x), Bf(x)}, min{A^(x), Bp(x)}} 

for all x £ X, then the P-intersection of = (A, A) and 88 = (B, ’P) is both 
an F-internal neutrosophic cubic set and an F-external neutrosophic cubic set 
in X. 



Proof. For any x £ X, take 

a x := min {max{A^(x), Bp(x)j, max{A^(x), -Bp(x)}} 

and 



b x := max{min{A£(x),B F (x)},min{A F (x),.B^(x)}} . 

Then a x is one of Af(x). I? F (x), A F (x) and Bp(x). We consider a x = A F (x) 
or a x = A~p(x) only. For remaining cases, it is similar to these cases. If 
a x = A~p{x), then 

Bp(x) < £ F (x) < Ap(x) < A^(x) 
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and thus b x = Bp(x). This implies that 

Aj,(x) = a x = (Af A 4>f)(x) = b x = Bj,(x). 

Hence Bp(x ) < Bp(x ) = (A p A if>p)(x) = Ap(x) < Ap(x), which implies that 

(Af A iPf){x) = Bp (x) = (A F n B F ) + (x). 

Hence (Af A ip F ){x) £ ((Ap D Bp)~(x), {Ap D Bp) + {x)) and 

(Hf H Bp) (x) < (Af A i/jf)(x) < ( Ap n Bp)+(x). 

If a x = Ap(x), then B~f{ x) < Ap{x) < Bp (x) and thus 

(A f A iPf)(x) = A+(x) = (Ap n B F ) + (x). 

Hence (Af A rpp)(x) (f (( Ap n Bp)~{x), ( Ap D Bp) + {x)) and 

(Af n Bp) (x) < (Af A 'i/jf)(x) < ( Ap n Bp)+(x). 

Consequently, the P-intersection of si = (A, A) and 38 = (B,T) is both an 
F-internal neutrosophic cubic set and an F-external neutrosophic cubic set in 
X. □ 

Similarly, we get the following theorems. 

Theorem 3.10. If neutrosophic cubic sets srf = (A, A) and 38 = (B,*P) X 
satisfy the following condition 



min {max{A)!"(x), Bj (x)},max{A 7 (x), -B+(x)}} = (A/ A ipi)(x) 
= max {min{A 7 (x) , Bj (x) }, min {Af (, x ) , B~}~ (x)} } 



(3.20) 



for all x £ X, then the P-intersection of srf = (A, A) and 38 = (B, *P) is both 
an I-internal neutrosophic cubic set and an I-external neutrosophic cubic set 
in X . 

Theorem 3.11. If neutrosophic cubic sets = (A, A) and 38 = (B,'F) X 
satisfy the following condition 



min jmax{Ay (x), B T (x)}, max{A r (x),B^(x)}} = (At A i/’t) (x) 
= max {min{Aj(x), Bf, (x)}, min{Ay (x), Bp(x)}} 



(3.21) 



for all x € X, then the P-intersection of srf = (A, A) and 38 = (B, *P) is both 
a T-internal neutrosophic cubic set and a T-external neutrosophic cubic set in 
X. 
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Corollary 3.12. If neutrosophic cubic sets sS = (A, A) and S3 = (B,*k) X 
satisfy conditions 3.19, 3.20 and 3.21, then the P-intersection of sS — (A, A) 
and S3 = (B,*k) is both an internal neutrosophic cubic set and an external 
neutrosophic cubic set in X . 

Given two neutrosophic cubic sets srf = (A, A) and S3 = (B, 'I') in X where 

A := {(x; A t {x),A i (x),A f (x)) \ x £ A'}, 

A := {(x; X T {x),X I (x),X F (x)} \ x £ A}, 

B := {( x; B t (x),B i (x),B f (x)} \ x G A}, 

^ := {(x-,tp T (x),'tf I (x),i/) F (x)) | x £ A}, 

we try to exchange A and *k, and make new neutrosophic cubic sets sS* := 
(A, >k) and S3* := (B, A) in X. Under these circumstances, we have questions. 

Question. 1. If two neutrosophic cubic sets srf = (A, A) and S3 = (B, >k) in 
X are T-external (resp., I-external and F-external), then are the new neutro- 
sophic cubic sets sS* := (A. *k) and S3* \= (B, A) T-internal (resp., I-internal 
and F-internal) neutrosophic cubic sets in XI 

2. If two neutrosophic cubic sets sS = (A, A) and S3 = (B,>k) in A' are 
T-external (resp., I-external and F-external), then are the new neutrosophic 
cubic sets sS* := (A.T) and := (B,A) T-external (resp., I-external and 
F-external) neutrosophic cubic sets in XI 

The answer to the question above is negative as seen in the following ex- 
ample. 

Example 3.13. (1) Let sS = (A, A) and S3 = (B.T) be neutrosophic cubic 
sets in [0, 1] where 

A = {(x; [0.6, 0.7], [0.5, 0.7], [0.3, 0.5]) | as G [0,1]}, 

A = {(x; 0.8, 0.4, 0.8) | x G [0,1]}, 

B = {(x; [0.3, 0.4], [0.4, 0.7], [0.7, 0.9]) | x£ [0,1]}, 

T = {(x; 0.2, 0.3, 0.4) | x£ [0,1]}. 

Then srf = (A, A), and S3 = (B, T) are both T-external and F-external neu- 
trosophic cubic sets in [0,1]. It is easy to verify that sS* := (A,*k) and 
:= (B, A) are F-internal neutrosophic cubic sets in [0, 1], but not T-internal 
neutrosophic cubic sets in [0,1]. 

(2) For X = {a, 6}, let sS = (A, A), and S3 = (B, T) be neutrosophic cubic 
sets in X with the tabular representations in Tables 8 and 9, respectively. 
Then srf = (A, A) and S3 = (B,*k) are I-external neutrosophic cubic sets in 
A, and sS* := (A, T) and S3* := (B, A) are represented as Tables 10 and 11, 
respectively, 
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Table 8: Tabular representation of s/ = 


(A, A) 


X 


A(x) 


A(x) 


a 


([0.3, 0.6], [0.2, 0.3], [0.2, 0.5]) 


(0.25,0.15,0.40) 


b 


([0.5, 0.7], [0.5, 0.6], [0.3, 0.4]) 


(0.55,0.75,0.35) 





Table 9: Tabular representation of 38 = 


(B,*) 


X 


B(x) 


T(x) 


a 


([0.3, 0.7], [0.4, 0.5], [0.1, 0.5]) 


(0.35,0.95,0.60) 


b 


([0.5, 0.8], [0.7, 0.9], [0.2, 0.5]) 


(0.45,0.35,0.30) 





Table 10: Tabular representation of &/* 


:= (A, 4/) 


X 


A{x) 


d^x) 


a 


([0.3, 0.6], [0.2, 0.3], [0.2, 0.5]) 


(0.35,0.95,0.60) 


b 


([0.5, 0.7], [0.5, 0.6], [0.3, 0.4]) 


(0.45,0.35,0.30) 





Table 11: Tabular representation of 38* 


:= (B, A) 


X 


B(x) 


A (x) 


a 


([0.3, 0.7], [0.4, 0.5], [0.1, 0.5]) 


(0.25,0.15,0.40) 


b 


([0.5, 0.8], [0.7, 0.9], [0.2, 0.5]) 


(0.55,0.75,0.35) 



which are not I-internal neutrosophic cubic sets in X. 

(3) For X = {a, 6, c}, let = (A, A), and 38 = (B.'F) be neutrosophic 
cubic sets in X with the tabular representations in Tables 12 and 13, respec- 
tively. 

Then = (A, A), and 38 = (B, 'F) are F-external neutrosophic cubic sets in 
X. Note that s8* := (A, 4/) and 38* := (B,A) are represented as Tables 14 
and 15, respectively, 

and they are not F-internal neutrosophic cubic sets in X. 
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Table 12: Tabular representation of si 


= (A, A) 


X 


A(x) 


A(x) 


a 

b 

c 


([0.2, 0.3], [0.3, 0.5], [0.31,0.51]) 
([0.4, 0.7], [0.1, 0.4], [0.22, 0.41]) 
([0.6, 0.9], [0.0, 0.2], [0.33,0.42]) 


(0.35,0.25,0.75) 

(0.35,0.50,0.65) 

(0.50,0.60,0.75) 




Table 13: Tabular representation of 8$ 


= (B.T) 


X 


B(®) 


^(x) 


a 

b 

c 


([0.3, 0.7], [0.3, 0.5], [0.61,0.81]) 
([0.5, 0.8], [0.5, 0.6], [0.25,0.55]) 
([0.4, 0.9], [0.4, 0.7], [0.71,0.85]) 


(0.25,0.25,0.35) 

(0.45,0.30,0.10) 

(0.35,0.10,0.40) 




Table 14: Tabular representation of si* 


:= (A, Ml) 


X 


A(x) 


T(a;) 


a 

b 

c 


([0.2, 0.3], [0.3, 0.5], [0.31,0.51]) 
([0.4, 0.7], [0.1, 0.4], [0.22, 0.41]) 
([0.6, 0.9], [0.0, 0.2], [0.33,0.42]) 


(0.25,0.25,0.35) 

(0.45,0.30,0.10) 

(0.35,0.10,0.40) 




Table 15: Tabular representation of 8S* 


:= (B,A) 


X 


B(*) 


A(x) 


a 

b 

c 


([0.3, 0.7], [0.3, 0.5], [0.61,0.81]) 
([0.5, 0.8], [0.5, 0.6], [0.25,0.55]) 
([0.4, 0.9], [0.4, 0.7], [0.71,0.85]) 


(0.35,0.25,0.75) 

(0.35,0.50,0.65) 

(0.50,0.60,0.75) 



Generally, the P-union of two T-external (resp. I-external and F-external) 
neutrosophic cubic sets may not be a T-internal (resp. I-internal and F- 
internal) neutrosophic cubic set. 



Example 3.14. Consider the F-external neutrosophic cubic sets si = (A, A) 



14 



Young Bae Jun, Florentin Smarandache and Chang Su Kim 



and 3 = (B, 4') in Example 3.13(3). The P-union si Up 3 = (AUB.AVf) 
of si = (A, A) and 3 = (B, 4>) is represented by Table 16, and it is not an 
F-internal neutrosophic cubic set in X. 



Table 16: Tabular representation of si Up 3 = (A U B, A V 4t) 



X 


(A U B)(x) 


(A V 4f)(x) 


a 


([0.3, 0.7], [0.3, 0.5], [0.61, 0.81]) 


(0.35,0.25,0.75) 


b 


([0.5, 0.8], [0.5, 0.6], [0.25, 0.55]) 


(0.45,0.50,0.65) 


c 


([0.6, 0.9], [0.4, 0.7], [0.71, 0.85]) 


(0.50,0.60,0.75) 



We provide conditions for the P-union of two T-external (resp. I-external 
and F-external) neutrosophic cubic sets to be a T-internal (resp. I-internal 
and F-internal) neutrosophic cubic set. 

Theorem 3.15. For any T-external neutrosophic cubic sets si = (A, A) and 
3 = (B,T) in X, if si* := (A, 4') and 3* := (B,A) are T-internal neu- 
trosophic cubic sets in X, then the P-union si Up 3 = (AUB,AV 40 of 
si = (A, A) and 3 = (B,4t) is a T-internal neutrosophic cubic set in X. 

Proof. Assume that si* := (A, 4') and 3* := (B,A) are T-internal neutro- 
sophic cubic sets in X for any T-external neutrosophic cubic sets si = (A, A) 
and 3 = (B, 4>) in X. Then 

\ T (x) (A^( x),A^.{x)) , ip T {x) i (Bf(x),B^(x)) , 

Bf(x) < Ap(x) < Bt(x), Af(x) < i/jt(x) < A^(x) 

for all x £ A. We now consider the following cases. 

(1) A t{x) < Af(x) < iPt(x) < A^(x) and iprix) < Bf,(x) < A t(x) < 
B+(x). 

(2) Af(x) < iprix) < Aj(x) < A t(x) and Bif(x) < A t(x) < B£(x) < 
ip T {x). 

(3) At(x) < Af(x) < ipr{x) < A^(x) and Bf(x) < A t(x) < B£(x) < 
iPt(x). 

(2) Af,(x) < iI>t(x) < A^(x) < A t(x) and iprix) < Bif{x) < A t{x) < 
b£(x). 



P-UNION AND P-INTERSECTION OF NEUTROSOPHIC CUBIC SETS 
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First case implies that ipT^x) = AT r (x) = Bif(x) = A t(x). Since g/* := 
(A, T) and 28* := (B, A) are T-internal neutrosophic cubic sets in X , we have 
< Aj,(x) and A p{x) < B^(x). It follows that 

( At U Bt)-(x) = ma x{Af,(x),Bif(x)} = (At V ipT)(x) 

< max{A^(a;), B^(x)} = (AtUBt) + (x) 

for all x £ X. Therefore the P-union s^Up28 = (A U B, A V T) is a T-internal 
neutrosophic cubic set in X. We can prove the other cases by the similar to 
the first case. □ 



Similarly, we have the following theorems. 

Theorem 3.16. For any I-external neutrosophic cubic sets g/ = (A, A) and 
28 = (B,’P) in X, if srf* := (A.’P) and 228* := (B,A) arc I-internal neu- 
trosophic cubic sets in X, then the P-union g/ Up 28 = (AUB,AV T) of 
= (A, A) and 2$ = (B.’P) is an I-internal neutrosophic cubic set in X. 

Theorem 3.17. For any F-external neutrosophic cubic sets srf = (A, A) and 
28 = (B,'P) in X, if g/* := (A.’P) and 28* := (B,A) are F-intemal neu- 
trosophic cubic sets in X, then the P-union g/ Up 28 = (AUB,AV T) of 
g/ = (A, A) and 2$ = (B,T) is a F-internal neutrosophic cubic set in X. 

We provide conditions for the P-intersection of two T-external (resp. I- 
external and F-external) neutrosophic cubic sets to be a T-internal (resp. 
I-internal and F-internal) neutrosophic cubic set. 

Theorem 3.18. For any T-external (resp., I-external and F-external) neu- 
trosophic cubic sets g/ = (A, A) and 28 = (B.'P) in X, if g/* := (A,'P) 
and 28* := (B,A) are T-internal (resp., I-internal and F-internal) neutro- 
sophic cubic sets in X , then the P-intersection s2 Dp 228 = (A n B, A A T) of 
g2 = (A, A) and 28 = (B,’P) is a T-internal (resp., I-intemal and F-internal) 
neutrosophic cubic set in X . 

Proof. It is similar to the proof of Theorem 3.15. □ 



Corollary 3.19. For any external neutrosophic cubic sets g8 = (A, A) and 
28 = (B, T) in X , if g/* := (A, ’P) and 28* := (B, A) are internal neutrosophic 
cubic sets in X, then the P-intersection srf flp 28 = (A n B, A A T) of g/ = 
(A, A) and 28 = (B, T) is an internal neutrosophic cubic set in X. 



16 



Young Bae Jun, Florentin Smarandache and Chang Su Kim 



References 

[1] Y. B. Jun, C. S. Kim and K. O. Yang, Cubic sets, Ann. Fuzzy Math. 
Inform. 4(1) (2012), 83-98. 

[2] Y. B. Jun, F. Smarandache and C. S. Kim, Neutrosophic cubic sets, Neu- 
trosophic Sets and Systems (in press). 

[3] F. Smarandache, A Unifying Field in Logics: Neutrosophic Logic. Neu- 
trosophy, Neutrosophic Set, Neutrosophic Probability, American Reserch 
Press, Rehoboth, NM, 1999. 

[4] F. Smarandache, Neutrosophic set-a generalization of the intuitionistic 
fuzzy set, Int. J. Pure Appl. Math. 24(3) (2005), 287 -297. 

[5] H. Wang, F. Smarandache, Y. Q. Zhang and R. Sunderraman, Interval 
Neutrosophic Sets and Logic: Theory and Applications in Computing, 
Hexis, Phoenix, Ariz, USA, 2005. 



Young Bae Jun, 

Department of Mathematics Education, 

Gyeongsang National University, 

Jinju 52828, Korea. 

Email: skywine@gmail.com 

Florentin Smarandache, 

Mathematics &; Science Department, University of New Mexico, 
705 Gurley Ave., Gallup, NM 87301, USA. 

Email: fsmarandache@gmail.com 

Chang Su Kim, 

Department of Mathematics Education, 

Gyeongsang National University, 

Jinju 52828, Korea. 

Email: cupncap@gmail.com 



